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Thin-Walled Tubes Subjected to Combined Internal Pressure
and Axial Load

Wei Jiang* and Kuang-Hsi Wu*
Florida International University, Miami, Florida 33199

Based on the kinematic hardening theory, this paper studies the elastic-plastic response of thin-walled tubes
subjected to combined internal pressure and axial load. Exact closed-form solutions are obtained for linear
loading paths. Stress-strain relationships, together with the corresponding movements of the yield center, are
obtained for both monotonic and variable loadings. The response of the tube under nonproportional loading is
shown to be path-dependent. However, due to the hardening, such path dependence will finally disappear and
a hysteresis loop can always be reached under cyclic loading. The steady-state response can be elastic or can be
a state of cyclic reversed plasticity depending on the amplitude of the cyclic load. Based on a thorough study of
the elastic-plastic response of the thin-walled tube, this paper illustrates how the kinematic hardening rule
describes the material behavior under nonproportional cyclic loadings.

I. Introduction

ANY mechanical and structural components are sub-

jected to variable loads and temperatures. The stress
analysis of such components often turns out to be very compli-
cated whenever plastic deformation occurs. On the one hand,
there can be a variety of different types of response, and the
structure may fail because of high- or low-cycle fatigue or
ratchetting. Classifying and determining the possible re-
sponses, keeping track of the variation of the stress-strain
state as the load varies, and predicting the life of the structure
is never easy. On the other hand, the elastic-plastic analysis
relies heavily on the constitutive laws employed. The problem
is that constitutive equations that accurately describe the real-
istic material behavior do not exist. Ideally, constitutive equa-
tions need to be developed, that would adequately represent
actual material behavior and should, at the same time, be in a
form convenient for mathematical manipulation or suitable
for numerical computation. The classic hardening theory is
based on the concept of loading surface which expands and
moves as hardening develops. The isotropic hardening rule
assumes that the loading surface expands without moving,
whereas the kinematic hardening rule assumes that the loading
surface translates as a rigid body. Since the isotropic harden-
ing rule cannot reflect the Bauschinger effect and predicts no
strain growth, which is a main concern in the cyclic loading
environment, the kinematic hardening rule has been used ex-
tensively over the years. In fact, it appears.that only the
simplest linear kinematic hardening rule permits the analytical
solutions in the complicated elastic-plastic and shakedown
analysis of structures.

Experimental investigations (Refs. 1-5, for example), indi-
cate that uniaxial experiments are not capable of revealing
material behavior under nonproportional cyclic loading condi-
tions. This has led to the concern of whether classic hardening
models are able to predict the complex plastic deformation of
materials. A thorough investigation is thus in demand to
probe how the classic rules predict the material behavior under
complex loading situations. '

This paper, based on the simple kinematic hardening the-
ory, presents a detailed study of the various transient and
steady-state responses of thin-walled tubes subjected to com-
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bined internal pressure and axial load. Closed-form solutions
are obtained for linear loading paths, and the stress-strain
relationships under monotonic and variable loadings are
found. In addition, the solution gives a picture of the plastic
deformation and hardening, showing how the loading surface
and its center move with the loads and when reversed plasticity
will occur. The response of the tube is shown to be path-de-
pendent, and some extra hardening is revealed. The solution
then shows that, due to the kinematic hardening, such phe-
nomena will finally disappear and a steady state, either one of
the elastic shakedown or one of the cyclic reversed plasticity,
can always be reached if the load cycles. Since the derivation
is strictly based on the kinematic hardening rule, without any
extra assumptions or simplifications, this investigation not
only gives a thorough study of the elastic-plastic response of
the thin-waled tube, but also illustrates how the kinematic
hardening rule describes the material behavior under nonpro-
portional cyclic loadings.

II. Kinematic Hardening Rule

According to the flow theory of plasticity, the total strain
increment de; is made up of the elastic strain increment dej;
and the plastic strain increment de‘f}:

m

The elastic strain increment dej; is related to the current
stress increment doy; by the usual constitutive equations of
isotropic elasticity:

de; = def; + def;

def; = (1/2G)ldoy; — (v/1 + v)d; dog] )
where G is the shear modulus, » the Poisson’s ratio, and §; the
Kronecker symbol. The plastic deformation is assumed to
obey the associated plastic flow law:

oF
def = dN— 3
ef 30y 3)
where def] is the plastic increment of the strain deviator
€jj = € — (1/3)€kk6ij (4)

Fis the yield function and dA an infinitesimal scalar factor. In
the case of kinematic hardening, if the loading surface is given
as

(Sy — oy)(Sy — o) = (2/3)a3 ©)
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the plastic deviatoric strain increment
deff = AMSy — o) 6)
In Egs. (5) and (6), o, is the yield stress in tension,
Sy = 05 — (1/3)ow by @)

is the stress deviator, and oy is the deviatoric back stress,
which indicates the center of the loading surface. Some differ-
ential relations have been proposed for the determination of
the increment dey; of the deviatoric back stress. In this paper
we will use the simplest, but rather extensively used variant:

a; = me? @®)

where m is a kinematic hardening parameter characteristic of
a given material.

Now differentiating Eq. (5) and making use of Eq. (8), one
finds

(Sy — ay)(dSy; —m def)=0 )

Then substituting de{} into it according to Eq. (6), and using
the yield condition, Eq. (5), one obtains

d\ = (1/2m72)(S; — o) dSy 10)
Finally, the plastic strain increment
def = [(Su — aw) dSu/2m731(Sy — ay) an
where in Egs. (10) and (11)
7, =a,/V3 (12)
is the yield stress in shear.

III. Thin-Walled Tubes Subjected to Internal
Pressure and Axial Load

Consider a thin-walled tube of mean radius ¢ and of thick-
ness A that is subjected to an internal pressure p and an axial
force P (Fig. 1). We assume that the geometry of the tube and
the loading are such that the elastic or plastic buckling prob-
lem can be excluded in the discussion. Thus, in cylindrical
coordinates (r, ¢, z), all of the stresses except g, and o, are
negligible. For open-end tubes,

gy =pa’h (13a)
o, = P/2wah (13b)
For closed-end tubes,
gs=pa/’h (14a)
o, =pa/2h + P/2nah (14b)

All of the normal strains e,, €4, and ¢, have to be considered.
The plastic volume change will be neglected.

Based on these nonzero stresses and strains, we can find the
deviatoric stresses

Si= —1/3(0y + ;) (15a)
Sy = 1/320, — o) (15b)
Sy3 = — 1/3(a, — 20;) (15¢c)

the deviatoric back stresses

oy = — l/3(a¢ + az) (163.)
o = 1/3Qay — o) (16b)
o33 = —1/3(0y — 2017) (16¢)

and the deviatoric plastic strains

efi=—(&+e) (172)
ef=é (17b)
eh=¢ (17¢)

Then the yield condition, Eq. (5), becomes
(09 — @2 — (04 — ag)(0;, — @) + (0, — )? =0 (18)
and the plastic flow law, Eq. (11), gives
de = 1/6ma, (20, — 0) — 2oty — )] {[(204 — 03)
— Qo — ;)] dog — [(, — 20,) — (g — 20;)] do} (19a)
deZ = — (1/6ma})[(oy — 20;) — (ot — 20,)1{[(204 — 07)
— Qo — o)) o, — [(65 — 20,) — (o — 20;)] da,} (19b)

Note that by the kinematic hardening rule, Eq. (8),

ay = mQ2e; + €F) (20a)
a, = m(eh + 2¢7) (20b)
Conversely,
€ = (1/3m)Qay — o) (21a)
& = —(1/3m)(ay — 201,) (21b)

Thus, by Egs. (19) and (20),
doy = (1/20?,)(04, — ag){loy — 0;) — Qoy — )] doy

= (g = 20;) ~ (2 — 2e;)] do ) (22a)

Fig. 1 Thin-walled tube under combined internal pressure and axial force.
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do, = (1/202)(0, — o) {[(20 — 0;) — Qars — )] doy
- [(04 = 20;) — (@ ~ 2c)] do ) (22b)
or
d(oy — ag) = —(1/262)(04 — 20;) — (g — 202,)]
X [(0, = @) doy — (05 — o) do] (23a)
d(o, — @) = —(1/205)[(204 — 0;) — 20ty — 02)]
X [(o, — o) dog — (05 — @) do] (23b)
if use is made of the yield condition, Eq. (18).

To solve the tube problem, we introduce the following
normalization:

o = (04 + 0;)/20, (242)
7= (0y— 0,)/21, (24b)
a = (o + a;)/20, (25a)
B = (g — )/ 27, (25b)
€= E(ey + €,)/2(1 — o, (26a)
v =Gley — €)/7, (26b)

where ¢ and 7 are normalized mean stress and maximum shear
stress, o and 8 are normalized mean back stress and maximum
back shear stress, and € and y are corresponding strains. By
means of these normalized stresses, the yield condition, Eq.
(18), and the differential equations, Egs. (23), can be greatly
simplified:

(c—a)l+(7—-pB)P=1 (1))
do— )= (7= B)I(r — B) do — (6 — ) d7] (28a)
dir—B)= — (0 — &)l(r = B) do — (6 — &) d7] (28b)

Note that a differentiation of the yield condition, Eq. (27),
gives
(-adle—a)+(r—Bdr—-8=0 (29)

and therefore, the two equations in Eq. (28) are in fact identical.

o
A

Stress Path
Initial Yield Surface
(%, 73)
Yield Center
Locus
\ TS ~
/! N .
T )
a
. Yield Center
g -*- Locus
_l_‘_ , (o, 1)
/ ~ 7
Current \\~__,//
Yield Surface
[¢—— B —)‘(— g —j
T
|

Fig. 2 Linear stress path (6 = A4 —~B7, B>0).

After Egs. (28) are solved, the stresses and strains can be
found as follows:

Oy = 0,0+ 7,7 (30a)
O, = 0,0 — T,T (30b)
e = lo,(1 = v)e + 7,(1 + YWI/E (31a)
e =loy,(1 = v)e — 1,(1 + YWI/E (31b)

IV. Linear Stress Path—Monotonic Loading

To solve Egs. (28), some loading path should be given. In
this paper, we will consider the linear loading path:

p=C+DP (32)
or, equivalently, the stress path
0=A — Bt (33)

where in Eqgs. (32) and (33) C and D are two constants, and

A =aC/(1 - 21a*D)ha, (342)
B =1+ 2ra®D/V3(1 — 27a®D) (34b)

for open-end tubes and
A =aC/(1 - wa’D)ho, (35a)
B = (1 + 31a*D)/V3(1 — ma’D) (35b)
for closed-end tubes. In experimental investigations, we often
use tubes subjected to sustained internal pressure and cyclic
axial load. Then Eqgs. (34) and (35) both reduce to
A =ap/ho, (36a)
B=1/V3 (36b)
In general, we assumed that 0 <A <1, whereas B can be any
real number.

In the ¢ — 7 plane (Fig. 2), the stress path intersects the
initial yield surface at

o =(A - BJ1+ BT A%/(1 + BY) (37a)

7¢ =(AB +V1+ BZ— A?%/(1 + BY) (37b)
and

05 =(A + BJ1+B?— 4%/(1 + B?) (38a)

75 = (AB =1+ B2 - A%)/(1 + B?) (38b)

where plastic deformation will first start.
Along the stress path, Eq. (33), Egs. (28) become

dr—-B)=(0—)l(e— o)+ B(r— B dr (39

The coordinates of the yield center can be found from this
differential equation as

a=0—f (40a)
B=71-¢g (40b)

where
f=—(BX%?-2X - B)/N1+B¥X2+1) (41a)

g=(X2+2BX - 1)/V1+BXX2+ 1) (41b)
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in which
X = Xg exp[V1 + B¥7 — 19)] 42)

Depending on the loading direction, the initial value X, can be
X," or X; as follows:

Xo" =(N1+B>+~1+B*-A%)/A (43a)

Xy =(W1+B*~1+B2— A4%)/A (43b)
By Eqgs. (21), the plastic strains
& =[E/3m(1 — »)}a (442)
v =(2G/m)B (44b)
By Eq. (2), the elastic strains

e€=0 (45a)

=7 (45b)

A superposition thus yields the stress-strain relationships for
the tube subjected to combined internal pressure and axial
loads:

e={1+[E/3m(1 —»)]}o— [E/3m(1 - »If (46a)
y=[1+QG/m)lr — 2G/m)g (46b)

To investigate how these two equations describe material
behavior, we first derive the following derivatives:

da _B(Xz - X)X - X)X + X571) 47
dr (X2 + 1)y @

d%a 2N+ B’ X(X — X3)(X + X5 HNX - X)X + X7

dr? X2+ 1y

(47b)

df (X2 - X)X - X)X + X5 )
dr ~ X2+ 1)

(48a)

@8 2BV1+B2X (X — X))(X + X7 WX - X)X + X7

dr? (X2 +1)° st
where

X, =202+ D+ B+ DI/ - 1) (49a)
X,=(b+ /(b -1 (49b)
X;=Nb2+1+1)/b (49¢)
X, =1 (49d)
Xs=[N202+ 1) — (b - DI/(B + 1) (49)
Xg=1/b (491)
X;=Vb2+1-b (49g)

in which
b=V1+B2+B (50)

The stress 7; corresponding to X; can be found from Eq. (42):

7=10+ [1/(V1 + B?)] (X /X() (63))

Consider first the case when B > 0. For this kind of stress
path (Fig. 2)

Xo< X< Xs< Xa< X3 < X< X, (52)

Figures 3a and 3b give the variations of the functions (f, g)
and Figs. 3¢ and 3d show the variations of the coordinates («,
B) of the yield center. The coordinate o monotonically de-
creases in the regions 7< 74 and 7> 7, and monotonically in-
creases in the region 7,<7<7,. It is concave downward in
regions 7<7; and 7>7;, and concave upward in region
7;<7<73. It approaches asymptotically straight lines with a
slope of — B for large stress. The coordinate 8 monotonically
increases in regions 7<74 and 7>74, and monotonically de-
creases in region 74<7<74. It is concave downward in 7< 75
and 7>7; and concave upward in 7s<7<7;. It approaches
asymptotically straight lines in a 45-deg direction when stress
tends to infinity.

Now we can investigate the maximum shear stress-strain
relationship. The mean stress-strain relationship will not be
discussed because of the similarity.

Suppose first that the tube is loaded in the positive direc-
tion. Plasticity will start when the stress 7 reaches 7, , or
equivalently, when the X function reaches its initial value X,," .
Then the stresses and the strains will follow the relationship,
Eqs. (46). By Eqs. (43) and (49), we can find that

X;t > X, (53)

Since the X function monotonically increases with the stress, it
will always be greater than X, due to Eq. (53), so that from the
characteristics of the 8 function,

2
dy_, 208,

54
dr. m dr 0 4

Equation (54) shows that the shear stress-strain curve is always
monotonically increased, as it should be.
On the other hand, we can find that

1+B(1+B2—1
X,z X, if A§J (2 ) (s5)

As a result, if X, > X,

d2y
P<O (56)
and if X, <X,
dz
d—;zo, if XsX, or r=1 (57)

In other words, if X;" > X, the shear stress-strain curve is
solely concave upward (Fig. 4a); if X;* <X, the stress-strain
curve will be concave downward first, before it changes to
become concave upward (Fig. 4b). Since the shear stress-strain
curve is always monotonically increased, it exhibits a yield
plateau near the stress 7,. This type of curve appears to resem-
ble the experiment curve better.

When stress increases, the stress-strain curve asymptotically
approaches the asymptote

vy=0+QG/m)r - 2G/m)g. (58)
where
g =1/1+B? (59)

This asymptote intersects the elastic stress-strain curve,

T=7 (60)
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b)

at point (g, £-)- By Egs. (37) and (59),

>

T \ -7
t } > T
Tz Tl
d)
Fig. 3 Functions f, g, o, and B, linear stress path (¢ = A — B1, B>0).
A?[A%(1 + B?) — 4B?) 61)

T0+ — 8= =

Note that the shear stress-strain curve is concave upward for
large shear stress. Consequently, it can approach the asymp-
tote only from above. If A <2B/~1 + B2, Eq. (61) shows that
7¢ > 8. The plastic stress-strain curve falls entirely above the
asymptote. It can be a solely concave upward curve (Fig. 4a),
or can be a concave downward-upward curve (Fig. 4b), de-
pending upon whether A is less or greater than the value

J\/l + B*(~¥1+ B?>-1)/2

On the other hand, if 4>2B/~1+ B?, Eq. (61) gives
Ty <g«. The initial part of the plastic stress-strain curve stays
below the asymptote, so that the shear stress-strain curve
cannot approach the asymptote if it is solely concave upward.
This kind of nonapproachable possibility, however, does not
exist. In fact, since A < 1, B should be less than 1/V3 to make
A >2B/v1 + B2, In such a case, we can prove that

N1+ BXV1+B2-1) 2B
2 V1+B?

(62)

and consequently

JJ1+BZ(J1+BZ-1)
A> 5 ,

or Xt <X 63)

In other words, in the case of 7,7 < g, the shear stress-strain
curve will always be concave downward first, and then change
to be concave upward, approaching the asymptote from above
(Fig. 4c).

" V1+B¥AB +V1+B2—1+B2— A?)[2— A1 + B2+ 2V1 + B2 — A7

Suppose next that the tube is loaded in the negative direc-
tion. Plasticity will start when the stress 7 reaches 75, or
equivalently, when the X function reaches its initial value Xj .
In such a case, we can find from Eqgs. (43) and (49) that

Xy <Xg (64)

so that from the characteristics of the 8 function,

d

2o (652)
dr

A2y

bl )

= (65b)

If the stress keeps growing, the shear stress-strain curve
approaches the asymptote

y=[1+QG/m)lt— 2G/m)g_w (66)
where
g w=—-1/N1+B2= —g, 67)

Note that this asymptote intersects the elastic stress-strain
curve, Eq. (60), at point (g_w, £-). Note also that by Eqs.
(38) and (67)

75 —g-w=[AB + (V1 + B?

-~N1+B?-AH)/(1+ BH>0 (68)
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Fig. 4 Shear stress-strain relationship, linear stress path (¢ = 4 —B71, B>0).

Thus, we can see that in the negative loading direction, Eq.
(46) gives a shear stress-strain curve that is monotonically
increased and concave upward, bounded by the elastic stress-
strain relationship, Eq. (60), and the asymptote, Eq. (66),
from right and from below (Fig. 4). This kind of stress-strain
relationship is thus quite conventional.

When plastic deformation occurs, the yield center begins to
move. Equation (40) indicates that the movement of the yield
center lags behind that of the loading point by fin the vertical
direction and by g in the horizontal direction (Fig. 2). For
large stress 7, f approaches ¥ B/~1 + B2, while g approaches
+ 1//1 + B2, As a result, the yield center locus will asymptot-
ically approach the stress path when the shear stress increases
to infinity.

It is seen from this discussion that along the stress path, Eq.
(33), the tube responds differently in the positive loading
direction and in the negative loading direction. Such differ-
ences disappear only when B = 0, that is, only when the stress
path is parallel to the r axis (Fig. 5). At that time, X; = oo,

1N

Stress Path
Yield Center Locus
> T

(-l-)l

Initial Yield Surface

Fig. 5 Linear stress path (c = 4).

71 = 0, and 75" < g, sO that the positive loading shear stress-
strain curve becomes solely concave downward and remains
entirely below the asymptote, Eq. (58). It is easy to show that
for such a stress path, the shear stress-strain curves for posi-
tive and negative loading directions are antisymmetric with
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respect to the origin 0 (Fig. 6), and the tube will have the same
response, apart from a sign, to either loading direction.

Note that the characteristics of the shear stress-strain curve
for a stress path with B <0 in the positive (negative) loading
direction is similar to those for a stress path with B >0 in the
negative (positive) loading direction. In fact we can prove that
the tube exhibits the same behavior along stress paths that are
symmetric to the o axis.

V. Linear Stress Path—Variable Loading

Suppose that after the tube is loaded in the tensile direction
to the loading point 2, unloading starts (Fig. 7). During the
unloading, the yield surface will not move until the loading
point hits the yield surface at point 3, when reversed plasticity
takes place. In the 7-y plane (Fig. 8), the unloading part
follows the straight line 2-3, representing an elastic response.
After the loading point 3, negative plastic deformation occurs,
and the response of the tube begins to be controlled by the
differential equations, Eq. (39), again. The new yield center
and the new stress-strain relationship can still be represented
by Egs. (40-46), but with new initial conditions.

Let (0, 7)), (o, Bi), Xi, and (f;, g;) be the values of the
corresponding functions at the loading point i/, where the
loading direction changes. It can be seen from Fig. 7 that
reversed plasticity will occur when the stress increment at the
loading point 2 satisfies the yield condition:

(o + Aoy — ()(2)2 + (12 + A7y — 62)2 =1 (69)

or
(Ao + ) + (A + &) = 1 (70)
Note that
fi+g2=1 W)
and
Ao = —BAT (72)

The shear stress increment causing the reversed plasticity to
occur can be found from Eq. (70) as

ATy = —[2(g: ~ BI/(1 + BY) (73)

Thus, the stresses when new plastic deformation begins will be
03 =03 + [2B(g, — Bf,))/(1 + B?) (742)

73 =75 — [2(g2 — Bf)]/(1 + B?) (74b)

Note that the yield center remains stationary during the
unloading so that

a3 = ay (75a)
B:=8, (75b)
, 2N
« 4
/;' '7

Fig. 6 Shear stress-strain relationship, linear stress path (¢ = A4).

Q

(ay, B)

~ 4
S i
\\——f,

fe— ATz_—’i

Fig. 7 Linear stress path (¢ = A — B, B >0), variable loading.

4

Fig. 8 Shear stress-strain loop for the first cycle, linear stress path
(e6=A4-B7, B>0).
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As a result, at point 3
f3=63—a3=02+A02—a2=f2+A02
= [(1 — B®)f, + 2Bg,}/(1 + B?) (76a)

G=n—f=ntAn—wm=g+An

= [2Bf, — (1 — BY)g,]/(1 + B?) (76b)

or
fi=(BX?+2X, — B)/[W1 + BAX2+ 1)] (77a)
g3 = — (X} - 2BX, — 1)/[N1+ BXX2 + 1)] (77b)

if use is made of Eq. (41). Now, the new initial condition for
the X function will be

Xs= —-(B —-~V1+B*3)/1-~V1+Blg)=1/X, (78)
where X, can be found from Eq. (42) for the first loading:

X, =X," exp[V1 + B2 — 79)] 79

The yield center and the stress-strain relation during the

reversed plasticity are still expressed by Egs. (40) and (46), but

based on a new X function:
X = X; exp[V1 + B*7 — 13)] (80)
Suppose that when the unloading continues up to the load-

ing point 4 (Fig. 8), the tube is loaded in the positive loading
direction again. Similarly, after loading point 5, where

05 = 04 + [2B(g, — Bf)1/(1 + B?) (81a)
7s =174 — [2(gs — BfY)I/(1 + BY) (81b)
as=ay (82a)

Bs = B4 (82b)

a new reversed plasticity process will take place. This time, it
is a transition from negative deformation to positive deforma-
tion, and the new positive plastic deformation will be deter-
mined by a new X function

X = Xs exp[V1 + B¥1 — 75)] (83)
with initial condition

Xs=1/X,=X5" explVN1 + B -1+ 13+ 12— 79)] (84)

If this kind of loading and unloading continues, we can find
that for the nth positive plastic deformation (Fig. 9),

X = Xy_3 exp[VN1 + BY7 — 14,_3)] (85)

where

2n-1)

Xin-3=Xg" e_xp[ ~V1+B? k‘\;x (— D¥(rae — Tas— 1):' (86)

For the nth negative plastic deformation
X = Xun -1 exp[V1 + BHT — 74 _1)] 387

where

2n-1
Xan_1= (1/X0+)exp[vl + B? k{:l (— De(ro — TZk—l)] (88)

The yield center and the stress-strain relationships are always
determined by Eqs. (40) and (46), with the appropriate X
function.

Note that —(—1)%(r5 — 72¢_) is positive. Therefore,
X, -3 increases, while X3, _, decreases with the loading-un-
loading cycles. For a very large n, X4, _ ; and consequently the
X function for the positive loading direction approaches infin-
ity, while X,,_, and consequently the X function for the
negative loading direction approaches zero. By Eq. (41), the g
function approaches g. and g_., and the shear stress-strain
curve approaches the asymptotes, Eqgs. (58) and (66), respec-
tively. The deviation thus shows that no matter how the forces
vary, or how far the loading or unloading process extends, if
every time we load or unload the tube until reversed plasticity
takes place, and then change the loading direction, the stress-
strain curve will finally be straightened after a large number of
cycles. At that time, the shear stress-strain point (7, y) will
move along parallelograms formed by two asymptotes, Egs.
(58) and (66), and two unloading straight lines determined by
the loading and unloading stresses. The yield center will move
along the stress path, following the loading point.

Tubes subjected to sustained internal pressure and cyclic
axial force are often used in the experimental investigation of
plastic deformation. Suppose that the axial force varies from
—P,to P,. Then, the shear stress will vary from 7+ to —77,
where, for the open-end tube

Tt =P+ 2wa’p)/4wahT, (89a)
| 17 = (P, — 2wa’p)/4wahr, (89b)
and for the closed-end tube
7t = (P, + ma’p)/4mahr, (90a)
1~ = (P, — na’p)/dwahr, (90b)
In such a case, we can find for the positive loading direction
X = Xop_3 explV1 + BT + 77 = Atay )] on
with
Xin_3 =X, exp{~1+B22(n — 1)r+
+@n =3 —ro— 12;? (= D*ary] ) ©2)
For the negative loading di;ection
X =Xy 1 exp[N1+ B27 — 7+ = Aryy )] 93)
with

Xan-1= (/X5 )exp{ — 1 +B2[@2n - )7+

2An—1)

+2(n - 117 =19~ Y (—DFAry]} (94)
k=1
T
4n-2
4n+l
4n-3
' -
4n-~1
4n

Fig. 9 Shear stress-strain loop for the nth cycle, linear stress path
(c=A—-B1, B>0).
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Initial Yield Surface
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Fig. 10 Hysteresis loop (1t + 7~ >2go).

o
T
A
P bk T Steady-State
Yield Surface
- (. 1),
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Yield Surface

In Eqgs. (91-94),
Ary = —[2(X3, — DI/ V1 + B2 (X, + 1)] 95

Again, the X function will keep increasing for positive
loading direction and keep decreasing for negative loading
direction. Since the axial stress varies between two fixed limits,
a stable hysteresis loop can be reached.

If the shear stress range 7+ + 7~ > 2g.,, the reversed plastic-
ity will always take place during the cycles, until the g function
reaches g ... The hysteresis loop will be a parallelogram (Fig.
10a). The stress and strain at its four corners are

T4=—71" +2/(N1+ B?) (962)
5 =1 (96b)
1c=71+ - 2/(NT+B) (56c)
—— (96d)

Ya = —[1+QG/m)lr~ + [2/(V1 + B + (G/m)] (97a)

ve =[1+QG/m)r* — 2G/(mV1 + BY)] (97b)
ye =[1+ QG/m)lr+ = [2/(N1 + BY[1 + (G/m)]  (97¢)
vp = —[1 + QG/m)l7~ + [2G/(m~N'1 + BY)] (97d)

and by Eq. (40), the yield center (&, B) cycles along the stress
path (Fig. 10b) from point

at=A -Br* +B/(N1+ B? (98a)
B =71*—-1/(N1+B? (98b)

b)

Fig. 11 Hysteresis loop (++ + 77 = 2g).

to point
«a~=A+Br -~ B/(N1+B) (992)
B~ =—-7"+1/N1+B? (99b)

From Eqgs. (97)

Y8 — Y4 =7vc—vp =[1+QG/m)r* +77 - 2/(V1 +B_2)]
©(100)

The shape of the hysteresis loop thus depends on the shear
stress range.
In the case of shear stress range 7+ + 77 = 2g,,,

VB =74 (101a)

Ye =p (101b)
and the hysteresis loop degenerates to a straight line (Fig. 11a).
The response of the tube becomes elastic. The yield surface no
longer moves (Fig. 11b), with the yield center stationed at the
point

a=A—-[B(r* -17)1/2 (102a)

B=@G*—-717)2 (102b)

If 7* 4+ 7~ <2g,, reversed plasticity can no longer take
place when the absolute value of the stress increment A7y,
which increases with each cycle, reaches or exceeds 7+ + 77,
that is, according to Eq. (95), when

(X% — DNT+ BEXE + D=7+ +7- (103)



386 JIANG AND WU: THIN-WALLED TUBES

Initial
Yield Surface

Stress Path
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b)

Fig. 12 Hysteresis loop (7t + 717 <2g).

In such a case, the two functions f and g cannot fully develop
to values .. and g . o.

If 7+ + 77 < An,, the tube will elastically shake down im-
mediately during the first unloading. The unloading point
stays somewhere inside the yield surface, and the yield center
stations at the point

a=A-Brt —f (104a)

B=7"—g& (104b)

If 7+ + 77 > A7,, the tube will incur repeated reversed plastic-
ity before it can elastically shake down. When the steady state
is reached, we can find by Eq. (103)

— 2 + Y
a=A—%[B(7+ —T—)+J4 a +1B+)g2 ikl )] (105a)

— 2 + -2
=%[(T+—1)—B\/4 d+ 20 +T)] (105b)

1+ B?

The stress-strain loop degenerates to a straight line (Fig. 12a),
and the loading point hit the yield surface twice during a cycle
(Fig. 12b).

After the yield center is found from Egs. (98), (99), (102),
(104), or (105) for various cases, the steady-state residual
strains (¢?, v°) can be determined from Eq. (44), and then the
strains (g4, €;) can be determined from Eq. (31).

Note that in the negative loading direction, the g function is
always monotonically decreased, concave upward. In the pos-
itive loading direction, the g function is initially monotonically
increased, concave downward before it changes to become
monotonically decreased and then concave upward (Fig. 3b).
Therefore, during negative loading the plastic shear strain
always increases. During the positive loading, depending on
the location and direction of the stress path, the plastic shear
strain can decrease first before it finally increases with each
cycle. In other words, the left side of the shear stress-strain
loop always moves to the right, whereas the right side of the
loop, in some cases, will move to the left at the beginning, and
then moves to the right together with the left side until the
steady state is reached. From Egs. (102), it is seen that the
plastic shear strain will totally disappear when 7+ = 77 = g,.
Otherwise, there will always be residual strains.

The variation of the f function is shown in Fig. 3a. It
decreases monotonically for large shear stress. As a result, the
plastic strain e? will grow insistently during the cycles.

VI. Proportional Loading
Consider now the stress path

6= —BTt (106)

that is, consider the case where the stress components vary in
proportion to each other.

In such a case, plasticity will first start when the loading
point reaches (o, 7¢), Where

oo= F (B/N1+ B?) (107a)
70= = (1/V/1 + B?) (107b)

and the solution to the differential equation, Eq. (39), can be
found as

a=—Bf (108a)
B=1—19 (108b)
e={1+E/[3m(0 —-v)}o+ EB/[3m(1l — »)]7 (109a)

y=[1+Q2G/m)lt — RG/m)z, (109b)

It is seen that in the case of proportional loading, the yield
center moves along the stress path and the stress-strain rela-
tionships are simply bilinear and are identical to the relation-
ships represented by the asymptotes, Eqgs. (58) and (66). Note
that the nonproportional shear stress-strain curve for the pos-
itive loading direction exceeds the asymptote, Eq. (58), for a
stress path with a positive B value (Fig. 4). The nonpropor-
tional shear stress-strain curve for the negative loading direc-
tion falls below the asymptote, Eq. (66), for a stress path with
a negative B value. These facts show that the material exhibits
extra hardening during the nonproportional loading rather
than during the proportional loading. However, such extra
hardening associated with the linear kinematic rule is a transi-
ent effect, which fades with loading cycles.

VII. Conclusions

The elastic-plastic analysis of machines and structures sub-
jected to variable loads and temperatures depends extensively
on the constitutive laws employed. Recent experimental inves-
tigations indicate that the materials exhibit various compli-
cated behaviors in nonproportional loading other than those
in proportional loading. Such situations lead to demands for a
careful review of the available constitutive equations and de-
velopment of new models.

Because of the complexity of the triaxial stress test, most
experiments were performed on the state of plane stress using
thin-walled tubes subjected to combined axial force and twist-
ing moment (P + M test), or combined axial force and inter-
nal pressure (P + p test). A theoretical analysis of the P + M
test based on the ideal plasticity theory can be found in Ref. 6.
Megahed’ studied the influence of various hardening rules on
the steady-state cyclic plasticity of the pressurized tube sub-
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jected to cycles of push-pull. This paper presents a thorough
investigation of both the transient and steady-state behaviors
of the tube along linear internal pressure-axial force paths.
This paper proves the experimental findings that the mate-
rial behaves quite differently under different loading situa-
tions. The response of the tube under nonproportional loading
is shown to be strongly path-dependent, and the material
exhibits higher hardening in some directions as compared with
the proportional loading situation. The stress-strain curve is
always monotonically increased as can be expected. However,
its shape varies with the loading path. In some directions, it is
initially concave downward and then changes to concave up-
ward, exhibiting a yield plateau as commonly found in the
test. The movement of the yield center and variation of the
stress-strain loop are discussed in detail in the paper. The
shear stress-strain loop is shown to always move to the right
after a large number of cycles, indicating the strain growth.
Depending on the loading path, however, it is also possible
that the right side of the shear stress-strain loop moves to the
left during the initial cycles. As a result, in some cases the
stress-strain loop can degenerate to a straight line. The resid-
ual strain can even totally disappear. The paper then shows
that the differences between nonproportional and propor-
tional loading behaviors will finally disappear if the tube is
loaded in some specific direction or if it is subjected to cyclic
loading when the steady state, either one of the elastic shake-
down or one of the cyclic reversed plasticity, is reached.
This research obtains analytical closed-form solutions to the
thin-walled tube subjected to combined internal pressure and
axial load. Based on that, this paper provides detailed infor-
mation as to how the classic linear kinematic hardening rule
describes the material behavior under nonproportional load-

ings. It appears that this simple model is able to describe some
of the basic characteristics of the material behavior observed
in nonproportional tests. However, it is only by comparing
with test data obtained under the same geometric and loading
conditions as discussed in this paper that a conclusion can be
made as to how well this simple model predicts the material
behavior.
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